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A\\" Density Estimation

Goal: Given observed data D = {Xj, ..., X,;} C X, we want to estimate
the underlying density p that generates the data.

Parametric methods: Assume that D ~ f(x;6) and estimate the
parameter 0 by its maximum likelihood estimator or maximum a
posteriori (MAP) estimator.

Nonparametric methods: Make no distributional/model
assumptions and learn the estimator f(x) directly from D.

Semiparametric methods: Fit a combination of the parametric and
nonparametric estimators (Olkin and Spiegelman, 1987):

~ o~

gl m) =m-f(x;0) + (1 —7) - f(x),

where 7 € [0, 1] is unknown and should be estimated from D.
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W Nonparametric Density Estimation: Histograms

Partition the data space X C R? into (uniform) grids and count the
number #ny of observations falling into grid A:

~ n .
Srist(x) = WkAkl with  x € Ay,

where |A| is the Lebesgue measure of Ay in RY.
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Figure 1: Illustrations of the histogram density estimation (Bishop, 2006).
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w Nonparametric Density Estimation: KNN

For a fixed point x € X C R? and an integer K,

Frun (%) = n-\fK(x)’

d
where Vi(x) = F(gifu) - Rg(x) is the volume of a d-dimensional ball

centered at x with radius Rg(x) as the distance from x to its K nearest
neighbor in D (Loftsgaarden and Quesenberry, 1965; Zhao and Lai,
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Figure 2: [llustrations of the KNN density estimation (Bishop, 2006).
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w Nonparametric Density Estimation: KDE
The kernel density estimator (KDE; Chen 2017) at point x € X C R? is
X — Xi
h Y

defined as:
- 1 <&
fu(x) = Pyl ;K <
where  is the bandwidth parameter and K : R? — R is the kernel
0, and / ||x||* K(x) dx < oc.
R4

function satisfying
1, / x - K(x) dx
R4

/ K(x)dx
R4
Some examples of the kernel function includes
LIx]1?
L exp (- 15IC).

Gaussian kernel: K(x) =
(2m)
. r(4+1

Spherical kernel: K(x) = (24 ) LTyx<ty-

T2 -

. . . o d e
Any other products of one-dimensional kernels: K(x) = [;_; Kj(x;).
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w Nonparametric Density Estimation: KDE II
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Figure 3: Illustrations of the kernel density estimator (Bishop, 2006).
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w Nonparametric Density Estimation: KDE II
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Figure 3: Illustrations of the kernel density estimator (Bishop, 2006).

To better capture the underlying distribution through KDE, we can also
vary the bandwidth parameter /1 over the data space.
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w Nonparametric Density Estimation: Adaptive KDE I

Key idea: Use smaller bandwidths in regions with dense data and use
larger bandwidths in regions with sparse data (Terrell and Scott, 1992):
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W Nonparametric Density Estimation: Adaptive KDE I

Key idea: Use smaller bandwidths in regions with dense data and use
larger bandwidths in regions with sparse data (Terrell and Scott, 1992):

Balloon estimator:
~ 1 ! x—X;
7= n-h<x>d§K< )

where the bandwidth (x) depends on the query point x € X C RY.
Example: h(x) is the distance from x to its K" nearest neighbor in D.
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W Nonparametric Density Estimation: Adaptive KDE I

Key idea: Use smaller bandwidths in regions with dense data and use
larger bandwidths in regions with sparse data (Terrell and Scott, 1992):

Balloon estimator:

1 . X—Xl'
fl(x) = W;K (h(x)) )

where the bandwidth (x) depends on the query point x € X C RY.
Example: h(x) is the distance from x to its K" nearest neighbor in D.

Sample smoothing estimator:

~

1 “ x—X;
R0 = gy 2K (i)

which is a mixture of individually scaled kernels centered at
X1, ..., Xy. Example: h(X;) ocfpilot(Xi)_%; see Abramson (1982).
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W Nonparametric Density Estimation: Adaptive KDE I

Another algorithm for constructing the sample smoothing (adaptive)
KDE (Wang and Wang, 2007):

Find a pilot estimator]?h(x) =22 K (x—hx,.) with a fixed

i=1
bandwidth / selected by Silverman (1986); Stone (1984); Sheather
and Jones (1991).

Define local bandwidth factors A;,i =1, ...,n by

)
fh(Xi)

el
where g = [] [fh(XZ)] and a € [0, 1] is a fixed sensitivity parameter.
i=1

N n
Define the adaptive KDE f4(x) = 1 3° ﬁ -K (Xh_—/\x’) .
=1 ’
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A" YA Drawbacks of Histogram and KDE

They suffer from bias due to the prior choice of the local geometric
structures, i.e., the shapes of grids or the contours of chosen kernels.

This bias get worse in high-dimensional ambient space.

‘/\
"\/

(a) (b)

Figure 4: Contour plots of two Gaussian kernels (cited from Arasaratnam et al.
2007).
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A" Voronoi Density Estimator

Voronoi cell: Given D = {Xj, ..., X, }, the Voronoi cell of X; is defined as:
C(Xy) = {x e R : d(x,X;) < d(x,X),VX; € D}.

The collection {C(X;)}!_; is called Voronoi tessellation generated by D.

Math, Setenso, 195, 3,21 48
How Many Trecs in a Forest?

Keith Ord
University of Warwick, England

(Received: 10 October 1975, Revision reccived 9 April 1976)
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A" Voronoi Density Estimator

Voronoi cell: Given D = {Xj, ..., X, }, the Voronoi cell of X; is defined as:
C(Xy) = {x e R : d(x,X;) < d(x,X),VX; € D}.

The collection {C(X;)}!_; is called Voronoi tessellation generated by D.

Math, Setenso, 195, 3,21 48
How Many Trecs in a Forest?

Keith Ord

University of Warwick, England

(Received: 10 October 1975, Revision reccived 9 April 1976)

Voronoi density estim
X c R? as (Ord, 1978):

- 1
~ n-Vol(C(x))’

fupe(x)

where C(x) is the Voronoi cell to which the query point x belongs.
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A\"YA Drawbacks of the Standard VDE

Some Voronoi cells can have infinite volumes with respect to the
Lebesgue measure.
A common solution is to restrict the measure to a fixed bounded
region A C R? that contains D (Moradi et al., 2019).
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A\"YA Drawbacks of the Standard VDE

Some Voronoi cells can have infinite volumes with respect to the

Lebesgue measure.
A common solution is to restrict the measure to a fixed bounded
region A C R? that contains D (Moradi et al., 2019).

Data may concentrate around a submanifold in R? with high
codimension (Fefferman et al., 2016) and the performance of VDE
becomes highly sensitive to the choice of A.

Figure 5: Voronoi tessellation for generators distributed on a parabola in R?.
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W Highlight of Today’s Paper Discussion

We will discuss two new extensions for the traditional VDE to resolve
the above issues.

Compactified Voronoi density estimator (CVDE):

Efficient computation for Voronoi volumes.
Feasible approach for sampling.

Radial Voronoi density estimator (RVDE):

Inherit the computational benefits from CVDE.
RVDE is continuous among the domain X'
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W Compactified Voronoi Density Estimator

Key idea: Make the measure of each cell finite by a local kernel
K:RY x RY — R, with its mode at each point in D = {Xj, ..., X, }.
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W Compactified Voronoi Density Estimator

Key idea: Make the measure of each cell finite by a local kernel
K:RY x RY — R, with its mode at each point in D = {Xj, ..., X, }.

Compactified Voronoi Density Estimator (CVDE): It is defined (almost
everywhere) on X C R? as (Polianskii et al., 2022):

K(p,x)
fevoe(x) = 1 - Vol,(C(x))’

where Vol ( fc(x) (p,y)dy and p € D is the generator of C(x),
ie., the pomt in D closest to x.

A common choice of the kernel K(p, x) = K (’” x) is still the
Gaussian one with a bandwidth parameter 1 > 0 as:

enp [ NP =IP
K(p,x) = exp 5 .
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W Comparisons Between VDE and CVDE

VDE with bounding square A CVDE with Gaussian kernel

Figure 6: Comparison between VDE and CVDE for data in R?.
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A\"YA Theoretical Properties of CVDE

Suppose that the true density p for generating {Xj, ..., X, } has its
support as R? and K € L}(R%).

fCVDE (x) gf(x) for any fixed x € RY as n — oc.

In the paper, it states that P, (E) EA P(E) for any measurable set
E C RY and P, :fCVDE dx,IP = pdx.
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A" YA Theoretical Properties of CVDE

Suppose that the true density p for generating {Xj, ..., X, } has its
support as R? and K € L}(R%).

fCVDE (x) gf(x) for any fixed x € RY as n — oc.

In the paper, it states that P, (E) EA P(E) for any measurable set
E C RY and P, :fCVDE dx,IP = pdx.

Pros: Compared with KDE theory, it requires mild assumptions on K, no
needs for h to vanish asymptotically, etc.

Cons: The proof follows from Portmanteau Lemma and cannot be
modified to derive the rate of convergence.

If in addition K : R? — R is continuous, we have
~ d . .
fevpbe = % Z:’Zl dx, as h — 0, where J, is the Dirac’s measure at p.

fCVDE ngDE as h — oo when restricting K to a bounded region A.

Yikun Zhang Compactified and Radial Voronoi Density Estimators 19/45



A" " Computations of CVDE (Directional Radius)

Setup: Consider an arbitrary unit vector o € S?~! and point z € R”.
Define

l(o0)=sup{t >0:z+toc € C(z)},
where C(z) is again the Voronoi cell that contains z. If such t does not
exist, then £, (o) = oo.
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A" Computations of CVDE (Directional Radius)

Setup: Consider an arbitrary unit vector o € S?~! and point z € R”.
Define

l(o0)=sup{t >0:z+toc € C(z)},
where C(z) is again the Voronoi cell that contains z. If such t does not
exist, then ¢, (o) = oco. It can be computed as follows:

Denote by p € D the generator closest to z and for g € D \ {p}, set
f(o) = M
2<U’ q- P>
Take
l(0)= min f(0)
97#p,4() 20

with £,(0) = co if £1(0) < 0 for all g € D\ {p}; see Polianskii and
Pokorny (2019) as well.
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A" "8 Correctness of Computing /,(0)

Recall that #1(0) = ‘<|Z qp”p and £;(0) = ming_, s(,)>o 4(0).

Figure 7: Illustration of the directional radius involved in the volume estimation
and sampling.
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A& Volume Estimation in CVDE

Recall that ]?CVDE(X) = % with

Z
Vol, / /” (t") -1 4t do,
sd—1

where /, (o) is the directional radius of C(x) starting from its generator p.
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A& Volume Estimation in CVDE

Recall that ]?CVDE(X) = % with

Z
Vol, / /” (t") -1 4t do,
sd—1

where /, (o) is the directional radius of C(x) starting from its generator p.

The spherical integral is approximated through a Monte Carlo method by
pre-sampling a finite set of unit vectors £, C S*~! and computing

|z|r Z/ k()

= (27rh2)% -5 (j E,,(o)) when K is the Gaussian kernel,

N\:..

where 7(a,z) = F(la) Jy t*~le~"dt is the regularized lower incomplete
Gamma function.
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W Sampling Procedure for CVDE

A version of the hit-and-run sampling as:
Choose p = z(9 uniformly from D = {X, ..., X, }.

Construct a Markov chain {z(} as follows.
Sample ot € $~! uniformly.

Sample z/*?) from W - K(p, -) restricted to the line segment

{Z(i) +tot it e [_Zz(i) (=D, L) (O'(i+1)):| } .

Output the last point z(!) as one sample point fromjAfCVDE after a
number I of steps.
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W Computational Complexity of CVDE

Pre-sample ¥ C R?~! and pre-compute all (o, p), (g, p) in time
complexity O (n|D|?* + n|%||D]).

Volume Estimation: O (|X||D[?).

Sampling procedure (hit-and-run Markov chain): O (I(|X] + |DJ)).

Figure 8: lllustration of the hit-and-run sampling procedure with a trajectory
length as I = 4.
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W Sampling Comparison Between CVDE and VDE

n=2 n=10

Original

VDE

CVDE

Figure 9: Visual Comparison between samples from the CVDE and VDE when
estimating d-dimensional Gaussian distributions with d = 2, 10.
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A" Drawbacks of CVDE

The Monte Carlo method for approximating the volume Vol,(C(x))
is slow (and even infeasible) as the dimensions grow.

The CVDE still jumps discontinuously when crossing the boundary
of Voronoi cells.

Yikun Zhang Compactified and Radial Voronoi Density Estimators 26/45



Yikun Zhang Compactified and Radial Voronoi Density Estimators 27/45



A\""8 Radial Voronoi Density Estimator I

Recall from the definition of CVDE ]?CVDE(x) = % that

~ £y (o) —~
Fevpr(x) dx = / / E Feype(p + to) dt do,
C(x) Si—1 J0

where p is the generator of C(x) (so that C(x) = C(p)) and
ly(o) =sup{t >0:p+toccC(p)}.
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A\""8 Radial Voronoi Density Estimator I

Recall from the definition of CVDE ]?CVDE(x) = % that

~ £y (o) —~
Fevpr(x) dx = / / E Feype(p + to) dt do,
C(x) Si—1 J0

where p is the generator of C(x) (so that C(x) = C(p)) and
ly(o) =sup{t >0:p+toccC(p)}.

Now, define a similar quantity

xX—p
l(x) =supt>0:p+t- eC }

xX—p
1
’ (Ix - P|I)
with x € C(p) and p being the generator of C(p).
¢(x) is defined for x # p.
¢(x) is continuous since £(x) = ||x — p|| = ||x — gq|| for
x € C(p) NC(q).
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A\""8 Radial Voronoi Density Estimator II

Given a continuous and strictly decreasing kernel K : [—4, o) — [0, 00)

with some § > 0 and [, #*~1K(t) dt < oo, the radial Voronoi density
estimator (RVDE) is defined as:

Fops(x) = K@) -k —pl) _ 2wt - K(B(E(x)) - lx ~plD)

an - Vol, (S4-1) an-T (%)

where o > 0 is a hyperparameter and 5 : R — R is a continuous
function to be determined.

C(p)
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A\""8 Radial Voronoi Density Estimator II

Given a continuous and strictly decreasing kernel K : [—4, o) — [0, 00)

with some § > 0 and [, #*~1K(t) dt < oo, the radial Voronoi density
estimator (RVDE) is defined as:

Fos(s) = KU - lx—pl) _ 20t R (5(e6) - Jix = pl)
RVDE om~Volp(Sd*1) an - F( )

where o > 0 is a hyperparameter and 5 : R — R is a continuous
function to be determined.

C(p)

The idea is quite similar to the Face Density for an edge weights in
Wei and Chen (2023).
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W Comparisons Between KDE, VDE, CVDE, and RVDE

KDE Original VDE CVDE RVDE

Figure 10: Comparisons between KDE, VDE, CVDE, and RVDE for data in R2.
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LW Choices of Kernel K and S for RVDE

Recall that the kernel K : [—4, 00) — [0, 00) for RVDE is required to be
continuous and strictly decreasing with [;~ #*~1K(t) dt < occ.

Exponential: K(t) = e~ with § < oo.
Rational: K(t) = gy withk > dand § < 1.
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LW Choices of Kernel K and S for RVDE

Recall that the kernel K : [—4, 00) — [0, 00) for RVDE is required to be
continuous and strictly decreasing with [;~ #*~1K(t) dt < occ.

Exponential: K(t) = e~ with § < oo.
Rational: K(t) = gy withk > dand § < 1.

To identify the function 8, we constrain fc( x)fRVDE (x)dx = % so that

/e F1K(B(0) - ) dE = (1)

0

for every £ > 0. When Kis strictly decreasing, Eq.(1) has a unique

solution 3(¢) > 9.
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LW Choices of Kernel K and S for RVDE

Recall that the kernel K : [—4, 00) — [0, 00) for RVDE is required to be
continuous and strictly decreasing with [;~ #*~1K(t) dt < occ.

Exponential: K(t) = e~ with § < oo.
Rational: K(t) = gy withk > dand § < 1.

To identify the function 8, we constrain fc( x)fRVDE (x)dx = % so that

¢
/ t1LK(B(0) - 1) dt = a 1)
0
for every £ > 0. When Kis strictly decreasing, Eq.(1) has a unique
solution 3(¢) > 9.
Example: Whend = Tand K(t) = e/, 8({) = L + W ( ﬁ) is

closely related to the Lambert W function (Corless et al., 1996).

Yikun Zhang Compactified and Radial Voronoi Density Estimators 31/45



A\'\"d Computing 3 In Practice

For any ¢ > 0 and K:[=6,00) = [0, 0) being continuously
differentiable, 3(¢) is computed through a Newton-Raphson method
with the iterative formula as:

Bo 0 K(By - £) — nav
m m -7 1 - ~ P
Pt < b7 ( (@ K(Bul) — d [} #1K(But) dt)

form = 0,1, .... If in addition K is convex, then limy, o0 B = B(£).
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A" Computing 3 In Practice

For any ¢ > 0 and K:[=6,00) = [0, 0) being continuously
differentiable, 3(¢) is computed through a Newton-Raphson method
with the iterative formula as:

Bm 0 K(By - £) — nav
m m 1 - —~ —
Pt < b7 ( (@ K(Bul) — d [} #1K(But) dt)

form = 0,1, .... If in addition K is convex, then limy, o0 B = B(£).
Proof (Sketch).
Consider F(8) = foé #=1K(8 - t) dt — « and solve for F(8) =0 using

E(Bn)
45 (Bm)

Berl — ﬂm -

Use the integration by part for explicating ﬁl—" (Brm)- O
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W e s: Properties for (3

Recall that f: H-1 K (B(0) - ) dE = .
B : Ry — Ris increasing due to the increasing property of K.

B(f) = 0 when £ = (d- ).

1
B has a horizontal asymptote: hm B(0) ( Jo ot K(t )dt) .

If, in addition, K is continuously differentiable, so does 5 and it
satisfies the differential equation:

da d
(z R _£)> S0 =—5(0)

So, 3 generalizes the Lambert W function (Corless et al., 1996).
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A" YA Mode Estimation for RVDE

- q =
Let e = (d - a)i. Recall that frype(x) = ZWZ'K(ﬁfl(f)g')Hx*p”).
@ 2

Observation: ]?RVDE decreases radially with respect to p in the direction
of x if £(x) > ¢ and increases otherwise.
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A" YA Mode Estimation for RVDE

d
Lete = (d- ). Recall that frypg(x) = 22K ,(1

(@) [lx=pll)
r(s)
Observation: ]?RVDE decreases radially with respect to p in the direction

of x if £(x) > ¢ and increases otherwise.

The modes of j?RVDE are classified as follows:
p € Dif ||p — g|| > 2¢ for every Voronoi cell C(g) adjacent to C(p).
p2ﬂ forp,q € Dif ’%”7 € C(p) NC(g) and ||p — q|| < 2e.

all the points in the segment [p, g] for p,q € D if w € C(p)NC(q)
and [|p — q|| = 2e.
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A" YA Mode Estimation for RVDE

d
Lete = (d- ). Recall that frypg(x) = 22K ,(1

(@) [lx=pll)
r(s)
Observation: ]?RVDE decreases radially with respect to p in the direction

of x if £(x) > ¢ and increases otherwise.

The modes of j?RVDE are classified as follows:
p € Dif ||p — g|| > 2¢ for every Voronoi cell C(g) adjacent to C(p).
p2ﬂ forp,q € Dif pTJ“q € C(p) NC(g) and ||p — q|| < 2e.

all the points in the segment [p, g] for p,q € D if w € C(p)NC(q)
and [|p — q|| = 2e.

Thus, o determines the extent by which points in D are “isolated” (i.e.,
modes) or otherwise get “merged” by placing a mode between them!
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A\"YA Modes of RVDE and Gabriel Graph I

Gabriel graph (Gabriel and Sokal, 1969): A graph G = (V, E) satisfies
that (p,q) € E when the closed ball having (p, q) as a diameter contains
no other points.

=
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A\"Y& Modes of RVDE and Gabriel Graph I

Gabriel graph (Gabriel and Sokal, 1969): A graph G = (V, E) satisfies
that (p,q) € E when the closed ball having (p, q) as a diameter contains
no other points.

—

The modes of j?RVDE are
All isolated vertices in G;

Midpoints of edges in G;

Entire edges of length 2¢ in G.

Yikun Zhang Compactified and Radial Voronoi Density Estimators 35/45



A\"YA Modes of RVDE and Gabriel Graph I

Gabriel graph (Gabriel and Sokal, 1969): A graph G = (V, E) satisfies
that (p,q) € E when the closed ball having (p, q) as a diameter contains
no other points.

—

The modes of j?RVDE are
All isolated vertices in G;

Midpoints of edges in G;
Entire edges of length 2¢ in G.
Fact: The number of cycles in Gis |V| — |E| + 1.

Heuristic Selection Rule for «: Select 2¢ = 2(d - a)% as |V‘El—percentile

for the lengths of edges in the Gabriel graph G = (V,E).
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A\"Y& Modes of RVDE and Gabriel Graph I

Figure 11: [llustration of the modes of RVDE (red) together with the Gabriel
graph (black).
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A\"Y8 Evaluation Metrics and Datasets

Evaluation Metrics: Average log-likelihood on a test set Pt as:

> logf(x)

| test‘ XEPrest

Datasets:
Synthetic datasets: d = 10, |D| = 1000, and |Pyest| = 1000.

Standard Gaussian;
Dirichlet distribution with parameters o; = di—l ;

Mixture of two Gaussians with means y1 = —p» = (—3,0,...,0) and
g1 = 0.1,0’2 =10.

MNIST: Downscale the original resolution of 28 x 28 gray scale
images to 10 x 10 so that x € [0, 1]1°%!%, Training set size: 30,000;
Test set size: 10,000.

Anuran calls: 7195 calls from 10 species of frogs with x € [0, 1]*. Test
set size: 10%.
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W Comparisons of Different Kernels in RVDE

Exponential: K(t) = e~ with § < co.

Rational: K(t) = (t+1 TIF withk > dand 6 < 1.

= = Exponential = Rational

@ @

Gaussian Laplace Dirichlet

Figure 12: Comparisons between two kernels for RVDE. (The horizontal line
corresponds to the heuristic selection rule for o in each panel.)
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W Comparisons Between Density Estimators I

—— AdaKDE ~ —— KDE CVDE = RVDE

avg. log-ikelinood

3 T 7
banduicth bandicth
Single Gaussian Gaussian Mixture
0013 0027 ron-\c 0053 0.066 0043 0087 “ 0132 0176 0219

100
w015
w050
£ 1025
H 1000
ga HED
%50
o 25

bandwictn bandwitn

Anuran Calls MNIST

Figure 13: Comparisons of different estimators as the bandwidth

h=ad / (JyT K(t) dt)% varies. All the estimators implement the rational kernel.
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w Comparisons Between Density Estimators II

2

(Empirical) Hellinger distance: ﬁ D rePe ]?(x)% — p(x)?

pes
1467 2.934 4327 5793 7.260

-100

-150

avg. log-likelihood

-200

-250

2 4 6 8 10
bandwidth

Hellinger

2500

2000

1500

1000

&
0013 0026 0039 0052 0066 0078 0092 0104

0025 0050 0075 0100 0125 0150 0175 0.200
bandwidth

Figure 14: Comparison of different estimators on a 30-dimensional Gaussian
mixture (left) and on a 10-dimensional Gaussian mixture with the Hellinger

distance as a metric (right).
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w Comparisons Between Density Estimators III

RVDE CVDE KDE AdaKDE

Gaussian  0.0376  0.265  0.0340 0.266
Anuran Calls  0.0581 0.490 0.0787 0.870
MNIST 17.4 408 12.5 75.0

Figure 15: Average running times (in seconds) per one full train-test run with
fixed bandwidths.

RVDE CVDE KDE AdaKDE

Gaussian  0.788  0.843  0.572 0.572
Anuran Calls  1.170 1.253  1.152 1.152
MNIST 5.507 5.767 5.735 5.735

Figure 16: Standard deviations of the (test) log-likelihood over 5 experimental
runs. Each estimator is considered with its best bandwidth.
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A" "8 Conclusions and Future Directions

We discuss two new extensions for the traditional Voronoi density
estimator (VDE) based on “kernel tricks” and rays from the generator p
in a Voronoi cell C(p).

Compactified Voronoi density estimator (CVDE):
Monte Carlo method for computing the volume of V(p).
Hit-and-run method for sampling from fcvpe.

Radial Voronoi density estimator (RVDE):
Inherit the computational benefits from CVDE.
frvpE is continuous.
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A" "8 Conclusions and Future Directions

We discuss two new extensions for the traditional Voronoi density
estimator (VDE) based on “kernel tricks” and rays from the generator p
in a Voronoi cell C(p).

Compactified Voronoi density estimator (CVDE):
Monte Carlo method for computing the volume of V(p).
Hit-and-run method for sampling from fcvpe.

Radial Voronoi density estimator (RVDE):
Inherit the computational benefits from CVDE.
frvpE is continuous.

Future directions: Extend CVDE or RVDE to Riemannian manifolds,
such as directional data (Mardia et al., 2000), hyperbolic spaces (Nickel
and Kiela, 2017), etc.

Define the rays through the exponential map of a given manifold.
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Thank you!
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VDE / Delaunay Tessellation Field Estimator

Figure 17: Density Reconstructions of SDSS mock catalogue. Top left:
Millennium galaxy mock sample. Top right: DTFE reconstruction. Bottom left:
NNFE reconstruction. Bottom right: lognormal kriging reconstruction (Platen
etal., 2011).
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W Comparisons of DisPerSE with Our DirSCMS Algorithm

‘Cosmic filaments by the standard SCMS algorithm Cosmic filaments by DisPerSE under 2D (RA.DEC) coordinates  Cosmic filaments by DisPerSE under 30 (RA.DEC.2) coordinates,

iy 30 DisParsE under (VA DEC.2

Cosmic filaments by our proposed DIrSCMS algorithm

DIfSCMS algorithm
42 Standard SCMS algorithm
=3 20 anguar Disperse

3D DisPerSE under (RA,DEC.2) coordinates

Standard 2D Angular 3D DisPerSE  DirsCMS 5
x SCMS DisPerSE under (RA,DEC.2)
—= Dtcss 7

] H a € 5 0
Uncertainty measures of the detected filaments [deg]

Figure 18: Comparisons between cosmic filaments detected by the standard
SCMS, DisPerSE, and our proposed DirSCMS algorithms on the mock galaxy
sample of SDSS-1V in the redshift slice 0.05 < z < 0.055 (Zhang et al., 2022).
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